
HON-329 
Title: Beyond Real Numbers 
Professors: President Struppa and Dr. Panza 
 
Description: The purpose of this class is to make a student aware of the existence and importance 
(not only for mathematics but also for science) of a variety of different kinds of numbers. From 
their high school, our students are familiar with those numbers they apply and utilize in everyday 
life, namely real numbers (this includes of course natural numbers, integers, and rational numbers, 
which are really those mostly used in daily applications).  
 
In this class we will look at two different kinds of numbers: those which are an extension of the 
real numbers (and this includes complex numbers, quaternions, bicomplex, parabolic and  
hyperbolic numbers), as well as those which are generated by different structural properties. 
Examples of this second class are the p-adic numbers, as well as congruence classes. This will lead 
to think more deeply about the concept itself of ‘number’, and we will discuss what we expect a 
number to be. Part of the interest of the class lies in the fact that the two teachers disagree on the 
answer to this question, and the discussion and debate will be a central component of the class. 
 
From a purely technical point of view, we will begin by defining rigorously the notion of real 
numbers, possibly in several different ways, and we will then consider polynomial equations with 
integer coefficients. Since it is easy to show that one cannot always find a real solution for such 
equations, we will naturally be led to the introduction of imaginary and complex numbers.  
 
We will then study the elementary properties of complex numbers, and we will discuss an 
important geometrical interpretation of such numbers, in terms of rotations and stretching in the 
plane. The next natural step would then be to study whether we can do something similar for three-
dimensional space. This is where things become interesting. We will introduce a very natural way 
of approaching the problem, due to the great Irish mathematician Sir William Hamilton, and we 
will follow his own writings to demonstrate how such an apparently simple and natural problem 
will lead us into the study of four-dimensional numbers. The answer to Hamilton’s discovery is 
what we now call quaternions, and we will study both their algebraic and geometric properties.  
 
As we study the properties of quaternions, it will become apparent that, at least from an algebraic 
point of view, one could have made different choices, and introduced a different set of numbers, 
now known as bicomplex numbers. We will investigate these numbers and we will study their 
relations to complex numbers, to quaternions, and to new numbers (that appear naturally as special 
cases of bicomplex numbers) that we call hyperbolic numbers. Once we discuss hyperbolic 
numbers, it will be natural to think of another variation, namely the so-called parabolic numbers. 
If time allows, we will go back to a geometric understanding of what all these numbers mean, and 
we will use this understanding to introduce Clifford numbers, of which many of these numbers are 
particular cases. 
 



We will then come back to the original question: what is a number? And instead of going in the 
direction that begins with natural numbers and, through integers, and rational numbers, lead us to 
real numbers, we will consider a different way of thinking about what a number might be. We will 
then offer examples of different objects that might still be thought of as numbers, and we will talk 
about congruence classes and p-adic numbers. 
 
Prerequisites. The class does not require any specific prerequisite, though students are expected to 
be able to perform simple algebraic manipulations such as those learned in high school algebra (or 
in our Math 98 and Math 99) sequence. What is absolutely necessary, is the willingness to look at 
apparently obvious questions (what is a number?), and to have an appreciation for the 
intermingling of logical and historical development of ideas. 
 
Textbook. We do not require a textbook. The teachers will distribute notes to the students, and will 
refer them to online resources. 
 
Grading. We will regularly assign homework (once a week) and we will have both a mid-term and 
a final exam. The final grade will be computed as follows: 
 
Class participation            20% 
Homework                         30% 
Mid-term                            20% 
Final exam                          30% 


